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ABSTRACT 

We argue that the dielectric effect, mostly studied for systems of coincident D-branes, is also 
extendible to configurations of multiple gravitational waves. We provide some evidence that 
Matrix string theory has an alternative interpretation as describing also, in the static gauge, 
multiple Type IIA gravitational waves. Starting with the linearised action of Matrix string 
theory in a weakly curved background, we identify the non-Abelian couplings of multiple 
coinciding gravitons to weak background fields, both in Type IIA and in Type IIB, and we 
use them to study various dielectric configurations from the point of view of the expanding 
gravitons. We also identify, in the Abelian limit, some non-perturbative correction terms to 
the Abelian gravitational wave action. 
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1 Introduction 



The dielectric effect, i.e. the idea that a collection of branes can undergo an expansion into a 
higher-dimensional brane under the influence of an external flux tube, has recently attracted a 
lot of attention. This effect was first explored in jD], where Emparan constructed solutions of 
the Abelian Born-Infeld theory, describing a single Dp-brane with N units of Born-Infeld flux 
dissolved in its world volume, that could be interpreted in terms of expanded fundamental 
strings or expanded T)(p — 2)-branes. These solutions carry no global charge with respect to 
the background R-R (p + l)-form potential that needs to be switched on in order to prevent 
the Dp-brane from collapsing, but do have a non-zero local charge, which results in a non-zero 
dipole moment, that renders the configuration stable. 

A microscopic description of this effect, from the point of view of the lower-dimensional 
D(p — 2)-branes, was provided some years later by Myers @. He observed that a system 
of coincident D-branes can develop multipole moment couplings to R-R fields that would 
normally be associated to higher-dimensional branes. From this point of view, the expansion 
is due to the fact that the transverse coordinates to the coincident D-branes are matrix- valued, 
which allows the D-branes to couple to background R-R fields C^ q ~ 1 \ with q > p (p,q even 
(odd) in IIA (IIB)) |^, gj. Myers constructed a solution of the non- Abelian world volume 
effective action, describing N coinciding D(p — 2)-branes under the influence of an external 
R-R (p + 2)-form field strength. He interpreted this non- Abelian solution as the expansion of 
the ./V D(p — 2) branes into a Dp-brane of topology M 1 ^ -2 x Sj^ c , where Sf^ c denotes the non- 
commutative, or fuzzy 2-sphere. The Dp-brane is, as in the Abelian description, uncharged 
with respect to the R-R (p + l)-form potential, but has a non-zero dipole moment. Hence 
the name of dielectric Dp-brane, introduced by Myers. Other expanded brane configurations, 
involving more general fuzzy cosets, have been considered in ||. 

Both descriptions of the dielectric effect, Abelian and non-Abelian, have complementary 
ranges of validity Q, that coincide in the limit where the number N of D(p — 2)-branes goes 
to infinity, in which the non-commutative nature of the fuzzy two-sphere is lost. 

Supergravity solutions corresponding to expanding branes have been constructed, specifi- 
cally for D4-branes [||, ^] and fundamental strings || expanding into a dielectric D6-brane of 
topology M 1,4 x S 2 and R ' x S 5 respectively. Again here, the physical properties of these 
supergravity solutions, such as their stability and the size of the fuzzy spheres, match with 
the Abelian world volume analysis of the dielectric D6-brane || 0| . 

A microscopical description of dielectric configurations involving fundamental strings has 
also been proposed. Expanding fundamental strings have been studied at the non-Abelian, 
microscopic level in || (see also using Matrix string theory in a weakly curved back- 



ground. Matrix string theory [11] turns out to give the right description of fundamental strings 
in terms of matrix- valued coordinates, and the linear couplings to weak background fields 
generate precisely the non-Abelian couplings responsible for the dielectric effect. Dielectric 
solutions of fundamental strings expanding into D3-branes and D4-branes were constructed 
in!- 

We also argued in ||, and we will provide further evidence in this paper, that Matrix 
string theory, in the static gauge, describes coinciding Type IIA gravitational waves. Indeed, 
we will see that Matrix string theory has an alternative interpretation as describing also the 
dynamics of multiple gravitational waves. Since Matrix string theory describes string states 
with fixed light cone momentum, it is not surprising that, in some limit, it can effectively 
describe gravitational waves. 
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A possible dielectric effect for gravitational waves seems to be related to another topic that 
has recently received a lot of attention: giant gravitons fi~2|] . One can roughly think of a giant 
graviton configuration in terms of gravitons expanded into a p-brane with topology M x S p , 
carrying angular momentum and dipole moment. This configuration breaks supersymmetry 
in the same way as a point-like graviton propagating with the same velocity, but in AdS m x 
S p+2 spacetimes, where the p-brane expands into the S p+2 part of the geometry, it has 
associated a maximum angular momentum. As is well-known, these configurations were 
in fact proposed in [12] as a way to satisfy the stringy exclusion principle implied by the 
AdS/CFT correspondence. 

The giant graviton analysis of |l2| was in terms of the Abelian gauge theory relevant to the 
description of the expanded brane. Since massless particles, in particular gravitons, are the 
source terms for gravitational waves, it seems natural to assume that the dielectric effect for 
gravitational waves provides a microscopic picture for giant gravitons. Such a microscopical 
description has so far only been given in some particular case. In [|13| a solution corresponding 



to N M-theory gravitons expanding into an M2-brane of topology R ' x Sj^ c was studied 
in terms of DO-branes expanding into a D2-brane, and then uplifted to M-theory. This 
microscopical effect was referred to as a magnetic moment effect, because the expanded brane 
carries a magnetic, instead of an electric, dipole moment. 

A second type of giant gravitons, in which the expanded brane has an electric dipole 
moment, was considered in [|l4|, O]. In AdS m x S n spacetimes, these gravitons expand the 
AdS part of the geometry, and therefore do not provide a realisation of the stringy exclusion 
principle. They are referred to in the literature as dual giant gravitons. Other giant graviton 
solutions in various backgrounds have been studied elsewhere in the literature Jl6| , [L7], |18| ]. 

In this paper, we aim at describing dielectric configurations from the point of view of 
expanding gravitational waves. We will argue that it is possible to describe multiple gravita- 
tional waves using Matrix theory. As we will discuss, Matrix string theory describes, in the 
static gauge, coinciding Type IIA gravitational waves. Therefore, taking the linearised action 
of Type IIA Matrix string theory in a weakly curved background, constructed in || and ||, 
we can identify the extra non-perturbative couplings of non- Abelian gravitons to background 
fields, and use them to study dielectric configurations. This same analysis can be done in 
Type IIB using T-duality. In this paper we have constructed the linearised world volume 
couplings of multiple gravitons to closed string fields in the two Type II theories. We have to 
stress, however, that it would be necessary to go beyond the linear order calculation presented 
in this paper in order to study the giant graviton configurations of |12]-|15|, given that our 
couplings represent a linear perturbation to the Minkowski spacetime, and are therefore not 
suitable to describe AdS m x S n backgrounds. 

We start in section 2 by reviewing in some detail the T-duality relation between funda- 
mental strings and gravitational waves in the Abelian case, since this will be of use later. We 
show here that the effective action of a gravitational wave can be defined in terms of a gauged 
sigma model in which the direction of propagation of the wave enters as a special Killing 
direction. This action is related through a Legendre transformation to the usual action for 
the ten-dimensional massless particle. In section 3, we present the derivation of the effective 
action for Type IIA multiple gravitational waves from the Matrix string theory action. As a 
check we show that at weak coupling this action reproduces the linearised, Abelian effective 
action derived in section 2. Some of the couplings in this action were also derived by one 
of us fi~9f| , using various string dualities. In section 4, a further T-duality takes us to the 
Type IIB theory, where we construct the Matrix theory action that describes multiple Type 
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IIB gravitational waves. This action is S-duality invariant, as predicted by the analysis of 
the Type IIB super symmetry algebra, and reduces also, at weak coupling, to a certain lin- 
earised Abelian effective action for a massless particle, derived in section 2. In section 5, we 
consider various dielectric solutions that arise from the non- Abelian couplings derived in this 
paper. We also comment on the duality relations between these solutions, as well as on their 
microscopical picture interpretation for giant gravitons. 



2 T-duality between fundamental strings and gravitational 

waves 

We start in this section discussing in some detail the construction of the effective action that 
describes a single gravitational wave. It is well known that gravitational waves and funda- 
mental strings are related by a T-duality transformation along the direction of propagation of 
the wave. This works simply at the level of the supergravity solutions [20|. The supergravity 
solution corresponding to a gravitational wave propagating in the x direction, 

ds 2 = -(2 - H)dt 2 + Hdx 2 - 2(1 - H)dtdx + dy\ + ... + dyj, (2.1) 

is mapped under T-duality along this direction into the supergravity solution of a fundamental 
string, 

ds 2 = H^i-dt 2 + dx 2 ) + dyf + ... + dyj, 



-2i> 



H, B Qx = H~ l -1, (2.2) 



where x is now the spatial world volume direction of the string. 

At the level of the effective actions, the procedure is a little more subtle. It is well known 
that a T-duality transformation applied on the non-linear sigma model describing a string 
propagating in a non-trivial background yields a new non-linear sigma model describing a 
string moving in the dual background defined by Buscher's rules. Instead of performing the 
most general analysis, however, it is possible to start with a very specific string state, a state 
with zero momentum and non-zero winding number, and apply a T-duality transformation. 
The string state thus obtained is a state with only momentum, which can be described 
effectively by a gravitational wave type of action. 

Using this duality connection between string states with winding number and string states 
with momentum, one can simply construct the effective action associated to the wave from the 
Nambu-Goto action for a fundamental string, keeping in mind that the action thus derived 
is only an effective action for a specific string state. As we show next, one is led in this 
manner to a gauged sigma model, in which the direction of propagation of the wave appears 
as a special isometric direction, in such a way that the gravitational field is transversal to the 
direction of propagation. 

The Nambu-Goto action of the string is given in our notation by: 

Sfi = -Ti J d 2 a y/\ d e t{d a X»dpX"g^)\ + \T X j d 2 a e aP d a X^dpX v B^. (2.3) 

If we assume that the ninth direction is compact and that the string is wound m times around 
this direction, we can make a split in the target space coordinates, 

X»(t,o) = (X a (r),X 9 (a)) = (X a (r), ma), (2.4) 
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and T-dualise along X 9 . Using Buscher's rules in the kinetic term of the action we arrive at: 



detidaX^dpXVg^) = d T X a d T X b (g 99 g ab - g a9 g b9 ) 

— d T X»d T X v —{g^ - 9 -^-) = dx^dx v g^. (2.5) 

599 599 

Here d denotes derivation with respect to r and is a reduced metric, which we can write 
as 

Gfj,v = gfjLP ~ k k^k Vl (2-6) 
introducing a Killing vector pointing along the X 9 , or x, direction: k^ = 5% , so that we have 

kfj, = g^ixi k = k x = g X x- (2-7) 

Similarly, the Wess-Zumino term gives: 



D 9ax k a 

ax = ~p- ( 

ijxx 



We then arrive at: 



S w = -mTojdT i [ k~ X ' S j\dX^dX u + £T 2 fc a dX a }. (2.9) 

It is straightforward to see that the components of in the x direction vanish, 

WQ^ = 0, (2.10) 

which states that the gravitational field is transversal to the direction of propagation of the 
wave, since we are going to identify soon the x direction with the direction of propagation. 
The reduced metric projects out the world volume scalar X 9 , thus removing the world volume 
degree of freedom corresponding to the direction of propagation of the wave. The action ( |2.9[ ) 
can in fact be written as a gauged sigma model, invariant under local transformations along 
the x direction: 

S w = -mTo J dr j AT 1 S J\DX^DX~ V g^\ + A - dX 9 }. (2.11) 

VX^ denote gauge covariant derivatives 

VX» = dX^-Ak^ = dX^-k~ 2 k p dX p k^, (2.12) 

with respect to the scaling symmetry 

SX* = A(r)^, SA = <9A(t). (2.13) 

Note that the covariant derivatives reduce to ordinary derivatives for fi ^ x, while for /i = iwe 
have T>X 9 = —k~ 2 k a dX a . The action ( |2.11| ) is manifestly invariant under the transformations 
( 2.13] ), Gauged sigma models of the type of ( |2.9j ) and (2.11) have been used before in order 
to describe the effective actions of Kaluza-Klein monopoles pit] and M-branes in massive 



eleven-dimensional supergravity 23]. 
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The string winding number, m, is now the momentum number of the wave in the isometry 
direction, given that 

1 5Sw (2.14) 



m 



T 8(dX 9 ) ' 

a fact that identifies the isometry direction with the direction of propagation of the wave. 

The action (2.11) can in fact be rewritten as the action of the massless ten-dimensional 
particle. In order to see this, we should think of (pUp Legendre transformed action in 
which the dependence on dX 9 has been replaced by a dependence on its conjugate momentum 
P9, but in such a way that a total derivative term P 9 dX 9 is kept in order to have a gauge 
invariant Lagrangian [22]. We then write ( [2.11 ) as: 



J dr P 9 \k- x ^\VX»VX v g^l + A - dX 9 }. (2.15) 



Integration over X 9 fixes P 9 to a constant. It is convenient now to introduce an auxiliary 
metric 7 on the world line and define an action Sjy[Pg,7] such that (2.15) is recovered upon 
integration on 7: 



mT 



+ J dr P 9 (dX 9 -A). 



} 



(2.16) 



Prom this action we easily restore the dependence on dX 9 through a Legendre transformation: 



Sh) = J dr{-P 9 dX 9 + L[P 9 , 7 ]}, dX c » 



SL[P 9 ,-f] 
5P 9 



(2.17) 



in such a way that, after integrating P 9 , we obtain the action for the massless ten-dimensional 
particle: 

%] = jdr^W\ j^dX^g^. (2.18) 



We have thus checked that the action ( |2.11| ), T-dual to the Nambu-Goto action ( [2.3P , 
describes a massless particle in the ten-dimensional spacetime. When the direction of propa- 
gation and the momentum carried by the particle are specified, the more suitable description 



is in terms of the action ( 2.11 ), in which the direction of propagation is singled out as a special 
isometric direction, and the momentum arises as the charge with respect to the background 
field k^/k 2 . 



We now compute for future reference the expansion of the effective action ( 2.11 ) up to 
linear order in the background fields. For small fluctuations in the background metric g^ u ~ 
Vfw + hf^iii we find 



lin 
H 



mT / dr\ 1 - \X 2 - \h m - \h m X 2 - h 9l X { - \h, r \'.\ J 



\h X x + jhxxX 2 + hox + hi x X l + 



(2.19) 



where the indices i,j run from 1,...,8 X 2 = rjijX t X^ and the dot indicates derivation with 
respect to the time-like coordinate r. 



6 



Dl 



s 



Wa T l Fl 




Figure 1: The T-duality relations between fundamental strings and gravitational waves in the Type II 
theories. Tg denotes T-duality along X 9 , the world volume direction of the string or propagation direction of 
the wave, while T z denotes T-duality along a direction transverse to the string or the wave. Also shown is the 
S-duality relation between the D-string and the fundamental string of Type IIB and the S-duality invariance 
of the gravitational wave in Type IIB. 



Let us now apply a T-duality transformation in a direction transverse to the direction of 
propagation of the wave that we have just studied. From ( |2.1| ) we easily see that the super- 
gravity solution remains invariant^. Therefore, we expect that this T-duality transformation, 
when applied to the action fl2.11| ), will yield again the action for a gravitational wave. In 
fact, the T-duality transformation gives rise to a complicated action containing two gauged 
isometries, but which can again be related, through a Legendre transformation, to the (di- 
mensional reduction of the) action for the massless ten-dimensional particle. We present this 
calculation in detail. Indeed, we will see that the non-Abelian extension of this action, with 
two isometries, arises as the Matrix theory description of multiple Type IIB waves that we 
will present in section 4. 

Applying T-duality on the action ( p. 11 ) along a transverse direction Z we find: 



S w = -mT J dr ||/| \k 2 l 2 - (k.l) 2 + (i k kB) 2 \- 1 / 2 . 

+ A(1, - ax9 + WF^WTi^W^ (2 ' 20) 

This action contains two isometric directions, the direction of propagation of the original 
wave, X 9 , and the transverse direction Z in which we performed the T-duality. We have 
denoted the corresponding Killing vectors as k^ = 5% as before and P = 5z ■ The gauge 

3 An overview of the T-duality relations between gravitational waves and fundamental strings can be found 
in Figure pi. 
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covariant derivatives T>X^ are now defined in such a way that they gauge the two local 
isometric transformations generated by k^ and P 

6x n = A (i) ( r ) fc M + A (2) ( r ) ^ ( 2 _ 21 ) 

that is, 

VX» = dX" - A^k^ - A^F (2.22) 
= BY „ l\k p dXP) - (k • l)(l p dXP) k 2 (l p dX?) - (k • l)(k p dXP) 

~ m 2 -(k-i) 2 m 2 -(k-iy 

T>X^T)X v g„ v can equivalently be written in terms of a reduced metric, dX^dX^Quv, such 
that its components in the x and z directions vanish: 

k^Q pv = VQ^ = 0. (2.23) 

This states that the gravitational field is transversal to the two isometric directions. Note 
that the constant m = §(qx'-)) ls a g am the- momentum of the wave in the X 9 direction, a 
fact that identifies the X 9 isometric direction with the direction of propagation of the wave. 
The other isometric direction, Z, is however not physical, but just an artifact of the T-duality 
transformation. We are therefore describing waves which are smeared in the Z-direction. 
We will see below that we can in fact rewrite ( 2.20| ) as a dimensional reduction along the Z 



direction. One can then restore the Z dependence by simply undoing the reduction. 

On the other hand, T is an invariant field strength, defined in terms of the T-dual of the 



transverse direction Z, that here plays the role of an extra world volume scalar [24], and the 
contraction of the NS-NS 2-form with the Killing vector (i/-B)« = l v B up = B zp : 

P = dZ + (UB^VX". (2.24) 

Finally, in our notation xj^iiB = B zx . 



The action (|2~2C| ) is a complicated expression, which is however equivalent to the action 



for the massless ten-dimensional particle. We can see this explicitly by performing a Legendre 
transformation from Pg to dX 9 , for which we first rewrite ( 2.2C| ) as: 



S W [P 9 ] = - fdr P 9 {\1\ \k 2 l 2 - (k.l) 2 + (i k hBf 



-1/2 



k 2 -(k.l) 2 /l 2 

where integration over X 9 fixes Pg to a constant. Now we introduce an auxiliary metric 7 on 
the world line and define the action Sw [P9 j 7] as 

k 2 l 2 - (k.l) 2 + (ifcij-B) 2 mTo> J 
+ / ir ft («• -A<»- ^_ ( ^% iiiB)2 f) . (2-26) 
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such that ( |2.25| ) is recovered upon integration on 7. The Legendre transformation defined by 
( 2 . 17j ) gives rise to: 

%]=-^ / dr y^hl ^{vX^VX^g^ +r 2 (dZ + (UB)^) 2 }, (2.27) 

which is the dimensional reduction of the action ( 2.18| ), for the ten-dimensional massless 
particle, along the Z direction, according to the T-duality transformed reduction rules 



9zz = I 2 , 9za = l 2 B za , = g® b - 1 2 B za B zb (2.28) 

where fx = (a, z) and a = 0, 1, . . . , 8. 

We have thus shown that the action ( 2.2C| ), derived using T-duality, describes indeed a 
massless particle, though delocalised in the Z direction. We will see that multiple Type IIB 
waves can be described by a non-Abelian extension of ( 2.20| ), but that this action cannot 
however be related, at least in a simple way, to some non-Abelian extension of fl2.18|) , where 
the dependence on the isometric directions has been restored. We will discuss this point 
further in section 4. 

As we did before, we now compute, for future reference, the expansion of the action ( 2.20 ) 
up to linear order in the background fields. We find 

Sw B = — m ^o J drjl — \X 2 — |Z 2 — |/ioo — \h^X 2 — \h^Z 2 — h^X 1 — }^hijX l X^ 

— \h X x + jh xx X 2 + jh xx Z 2 + hQ X + hi x X l + }^h zz Z 2 — B z qZ + B ZX Z — B z iX l Z + . . . |. 

(2.29) 

Here i, j = 1, . . . , 7 and X 2 = //, ; .V'.V'. 



3 Matrix string theory and multiple gravitational waves 

Our starting point for the study of the effective actions associated to multiple gravitational 
waves is the action describing the linear couplings to background fields of Type IIA Matrix 
string theory in a weakly curved background. This action has been obtained in || and || from 
Matrix theory in a weakly coupled background [||, p6| ], by applying a duality chain involving 
T-duality and the 9-11 flip. 

In the notation of Q, the Matrix string theory action for weakly coupled backgrounds is 
given by 



Smst 



1 



2vr/? 2 



drda STr{± h ab - r) ab (4> - \h 99 ) 



jab 1 r> tj ja9 . 1 



2 "-99 



r^-99 



(1) T 9 



T ab9 



/~r(3) jabc 
U abc I 2 



I 1 ja 1 ...a i 9 i 1 6 rai...a 5 

12°ai... 049^4 60 - D ai...a59- , 4 



_l_ 1 At( 7 ^ T a±...a 6 9 
48 JV ai...a 6 9 J 6 



N, 



(8) 



1 

336 lv ai---a79 J 6 



(3-1) 
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where (3 = R/ya', R is the radius of the eleventh dimension in Matrix theory, and the ten 
spacetime indices are split into a = (0, 8) and 9, the latter being the direction in which the 
Matrix strings are oriented. 

The currents Ih, I s , I<f> and I p give the DO-brane couplings to, respectively, the metric 
h^v, the Kalb-Ramond form B^, the dilaton cj) and the R-R fields C( p+1 ) 0, [26|], and can be 
related to the currents appearing in the linear Matrix theory action^. However, in (3T) they 



couple to different background fields because of the duality chain involved in the construction 
of the action [8|, ||. These currents are functions of the U(N) matrix valued embedding 
scalars X 1 (i = 1,...,8), their [/(AQ-covariant derivatives D a X l = d a X l + i[A a , X 1 ], their 
commutators [X 1 , X^] and the Born-Infeld vector A a We have included in Appendix A the 
explicit expressions for the currents that will be of relevance to this paper. We refer to Q for 
the expressions of all other currents in our notation. 

In the action (|3.1| ), B denotes the NS-NS 6- form potential, is the field that couples 
minimally to the Type IIA Kaluza-Klein monopole, and AA 8 ) couples to the so-called (6, l 2 ; 3)- 
brane, an "exotic" brane (not predicted by the Type IIA spacetime supersymmetry algebra), 
first mentioned in [^9], [}(], |3l|][]. These fields are related to the R-R 6- and 8-form potentials 
through the 9-11 flip: 

rX & ) fi® — > -N^ (11) 

Ly ai...a 6 iv ai...a 6 9' °ai...a79 iv ai...a 7 9' V - z ^ 

In the limit g s — > 0, the Born-Infeld vector and all R-R fields decouple from the action 
( |3.1| ) and one is forced into a space of commuting matrices. In this way light-cone gauge string 
theory in a weakly coupled background is recovered Q. This gives weight to the argument 
that the Matrix string action can indeed be derived from Matrix theory in a weakly coupled 
background via a duality chain. 

However, a different picture emerges if one goes to the static gauge, where one identifies 
X° with the time-like world sheet coordinate r and X 9 with the spatial world sheet coordinate 
a. We also take all other embedding scalars independent of cx, 

X° = t, X 9 = a, d a X a = 0. (3.3) 

We will refer to these conditions as static gauge conditions, though the last one represents in 
fact an additional truncation^. 

The action Q3.1| ) is such that the 9th direction appears as a special isometric direction 
on which neither the background fields nor the currents depend. This is translated into a 
reduced, SO(8) transverse rotationally invariant action. We can however rewrite ( |3.1|) , in the 
static gauge, in terms of ten-dimensional pull-backs into a one-dimensional world volume, by 
using the techniques of gauged sigma models. If is the Killing vector pointing along the X 9 , 
or x, direction, = 5%, we can achieve invariance under the local isometric transformations 
generated by k^, 

5X^ = A(r)k^, (3.4) 

4 More precise expressions for the Matrix theory couplings, to all orders in both derivatives of the background 
fields and the fermionic coordinates, were constructed in ^] by dimensional reduction of the eleven- 
dimensional supermembrane vertex operators. 

5 We will choose A = throughout the paper, at the expense of losing explicit gauge invariance. 

6 We have included an Appendix which collects some properties of these exotic branes of interest to our 
work. See Appendix B for the notation and the duality relations with the branes predicted by the spacetime 
supersymmetry algebras. 

7 We thank the referee for this remark. 
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by introducing gauge covariant derivatives, as in ( 2.1 2| ) 

VX^ = DX^ - k~ 2 k p DX p k^, (3.5) 

only now in terms of [/(iV)-covariant derivatives DX P . In the linear approximation, the gauge 
covariant derivatives ( |3.5|) reduce to T>X P = DX P , for /i/i and T>X 9 = —h ax DX a . Using 
gauge covariant pull-backs, constructed with these gauge covariant derivatives, it is possible to 
eliminate the pull-back of the isometric coordinate, and to reproduce the isometric couplings 
in the action ( |3.1| ) in a manifestly covariant way At the linearised level this is easy to see, 
given that T>X 9 is proportional to the linear correction to the flat metric and therefore does 
not contribute to the pull-back to linear order. For example, for a 1-form background field 
we have 

P[E] = S^I" = S + pZiX\ (3.6) 

with i = 1, . . . , 8. 

Using gauge covariant pull-backs, we are thus able to write the action ( p.l[ ) in static gauge 
in a manifestly covariant way, as a gauged sigma model, with the gauge covariant derivatives 
DX P gauging away the ninth direction, which is interpreted as an isometric embedding scalar. 

Filling in the expressions for the R-R currents as given in Appendix A, we obtain: 

C«I 9 = g a /3P[i k CW] A F, (3.7) 
h a9 lS = P[i k h], (3.8) 
B ab I? 9 = ifP[(i x i x )B]AF-i§P[i [AX] B], (3.9) 

-r(3) jabc ift 

J abc 2 g a 

Cita^t^ 49 = "fr mxix)\C^] A F + ^P[(ixix)i [A x]i^ (5) ], (3.H) 

/^,.,,V:r-"' = 3 -yfP[(ixix)\B], (3.12) 

< ) ..a e9 C- a69 = -^fP[(ixix) 3 i fc iV (7) ]AF+^P[(i x i x ) 2 i [AiX] i fc ^)], (3.13) 

NS.. ar9 If a7 = 5 -^fP[(ixix) 3 i k N(% (3.14) 

where F = dA (A = A a ) and 

(ixixS)^...^ = X J X^ij^,,,^, (i[ A>x] S) m ... Mj) = [A, A l ]Ej Ml ... Mp . (3.15) 

The inclusion involving the A field is inherited from the -Do-A^-terms in the pull-backs, of 
which in the static gauge only the commutator part survives. Note also that k p appears 
explicitly in some terms, projecting the background fields on the isometric direction: 

(h'E>)tii...np = ^ p Sp Ml ... /tp = TZxni...np- (3.16) 

In this manner, when taking the pull-backs to the world volume, the contribution of X 9 
vanishes automatically. 



CaJjt = l £P[(ixix)C®}, (3.10) 
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The cr-component of the Born-Infeld vector A has now obtained the interpretation of a 
world volume scalar. This world volume scalar is associated to DO-branes "ending on the 
waves". Indeed, acting with the 9-11 flip on the Born-Infeld field strength of the D-string, we 
obtain the following invariant field strength associated to the world volume scalar A: 

F = dA + —P[C<V]=F + —P[cM], (3.17) 
9s g s 

since under the 9-11 flip B^g — > —C/p (see From this invariant field strength only F 

contributes to linear order. 

Substituting (^-(fOg) in the action (U) 

we obtain the following expression for the 

Chern-Simons action: 

S w A = jpf drSTr[-g s p P[i k C^]AF - P[i k h] + g P[(i x i x )C^} 

+ if3 2 P[(i x i x )B]AF - ipP[i [AX] B] + ^P[(i x i x )\B] 

~ $;Pl(ixix)\C^] A F + gp[(i x i x )i [AiX] i fc C( 5 )] (3.18) 

- gP[(ixix) 3 i fc iV (7) ] AF+ gp[ ( i x i x) 2 i[AX]ifcA r( 7 )] 

We claim that this action gives the Chern-Simons couplings in the world volume effective 
action of a system of coincident waves carrying momentum along the X 9 direction. This 
action is valid for weakly coupled background fields, since this is the approximation used 
in the Matrix theory calculation. It might seem strange at first sight that Matrix string 
theory can be used to describe gravitational waves. However, recall that Matrix string theory 
describes strings with non-zero light cone momentum, with the winding degrees of freedom 
entering only non-perturbatively in the description, and that string states with non-zero 
momentum are effectively described in terms of massless particles. It is then not surprising 
that the Matrix string action provides, in the static gauge, an effective description for multiple 
gravitational waves. 

We have a number of arguments to support this claim. First of all, the monopole term 
P[ifc/i] in ( 3.18| ) is just the linearised expression for A — dX 9 in ( 2.1l| ), indicating that we are 



dealing with waves with a momentum in the X 9 direction. As we have reviewed in section 2, 
waves carrying momentum in a compactified direction are T-dual to fundamental strings 
wound around this direction. Indeed, in j|] the non-Abelian action describing multiple Type 
IIB fundamental strings with non-zero winding number was derived from our action fl3.1| ) 
using T-duality along the X 9 direction, which we claim is the direction of propagation of the 
waves. Let us also stress that we find agreement between ( |3.18| ) and the terms in the action 
for multiple gravitational waves that were constructed in [pLSf] - These observations support 
our claim that Type IIA Matrix strings reduce to multiple waves in the static gauge. 



Note that, although we denote as well the transformed world volume field by A, it has a different gauge 
transformation rule than the original A a = A, since the gauge transformation parameters also change under 
the 9-11 flip. 
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There are also more quantitative arguments supporting this identification. While in the 
limit g s — > 0, (|3.1| ) in the light-cone frame reduces to the action of light-cone gauge string 
theory in weakly coupled background fields M, in the static gauge the limit g s — ► reduces 
(|3.1| ) to the linearised effective action of a set of commuting gravitational waves. The only 
non- vanishing currents, up to order f3 2 , are 



r00 

1 h 

rOi . 

1 h 



--1 + \I5 2 X\ 

px\ 

f± { X^ 



I 



1 o 



ji 



: 1- 

■X 

0X\ 



(3.19) 



and (|3.1|) reduces to 



linear 
W A 



i/ioo — hox + \h xx 



1 + P 



(hoi — hi x )X l 



+i/3 2 'h; r \'.\ J + \{h m - h xx )X 2 ] + 0(/3 3 )}. 



(3.20) 



This action coincides, up to the relative rescalings between the Abelian and Matrix theory 
calculations, with the linear order contribution to the expansion of the effective action ( |2.11 ), 
for Abelian gravitational waves, given by (2.19). 

Finally, let us point out that it is also possible to take the Abelian limit without taking 
g s — > 0, in which case we get linearised non-perturbative corrections to the action ( 2.11| ). 
Substituting the expressions for the NS-NS currents (see Appendix A) in ( |3.1|) , together with 
@, we find: 

S wl = jj dr{p[i k cW] A F + PCWAX*}. (3.21) 
One can easily see that the Legendre transformation of section 2 restores the X 9 dependence 



also in these correcting terms, giving rise in (2.18) to an extra linear coupling 



dr 



7 



dX»dX v 9ilv - g -±C^dX^ F}. (3.22) 



Identifying the full couplings whose linear expansion gives rise to this contribution is not easy 
without the help of some additional requirement. We will discuss in the next section that it 
is possible in principle to identify some of these couplings by imposing S-duality invariance 
for Type IIB waves, and then T-dualising. 

We have thus discussed that the Matrix theory calculation describes Type IIA waves in 
terms of a non-Abelian extension of the action (2.11), for which the direction of propagation 
of the waves appears as a special isometric direction. One could try now to restore the 
dependence on X 9 , by performing a Legendre transformation along the lines of section 2. 
This procedure, however, does not work, as it can easily be argued. First, the direction 
of propagation of the waves, as it arises in the calculation, is not matrix-valued, since it is 
identified with the spatial world sheet direction of D-strings (see ||). So, even though we 
can in principle restore some explicit dependence on dX 9 , the new terms are going to be 
Abelian. Moreover, it is clear that the Legendre transformation cannot give rise to non- 
Abelian commutators of the transverse scalars involving X 9 . This results in an action with, 
still, SO (8) transverse rotational invariance. 
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In fact, the existence of a compact isometric direction gives the spacetime on which the 
waves propagate a non-trivial topology. This compact direction allows p-branes to wind 
around it or live in its transverse space, giving rise to the specific dielectric couplings in 
( 3.1§| ), for which the dependence cannot be eliminated. These extra topologically non- 
trivial couplings are in a sense analogous to the supergravity solutions of |32|], corresponding 
to p-branes wound around different compact dimensions. 



4 Multiple Type IIB gravitational waves 

In this section we present the action associated to multiple Type IIB gravitational waves. We 
calculate it by performing a T-duality transformation, along a transverse direction, on the 
Matrix string theory action with linear couplings to closed string fields, given by fl3.1|). We 
argue that this action describes Type IIB waves in the static gauge since, as we have seen, 
Matrix string theory describes Type IIA waves in this gauge, and we are T-dualising along a 
transverse direction (see Figure 1). The action thus obtained contains the linear couplings of 
multiple Type IIB gravitons to closed string fields. 

4.1 The action for multiple Type IIB gravitational waves 

Since we are working with actions which are only linear in the background fields, it is sufficient 
to use the T-duality transformation rules to linear order. For a T-duality transformation in 
a generic y direction, these are given by: 
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(4.1) 



We see that for higher order background fields T-duality gives rise to new gravitational fields, 
iV~( p ) and , which have in fact already been encountered in the literature |24, p3|. We have 



summarised the notation and the duality properties of these fields in Appendix B. The fields 
iV"( 7 ) and AA 7 ) couple minimally to Type IIB Kaluza-Klein monopoles with different Taub- 
NUT directions, as we will clarify later on in this section. N^ 8 ', AA 8 ) and A^ 9 ) couple to 
different "exotic" branes, not predicted by the Type IIB spacetime supersymmetry algebra^. 
Applying T-duality to the action ( |3.l|) in a transverse direction Z we obtain the following 



9 A more detailed explanation of the role played by these branes is contained in Appendix B. 
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linear action: 
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Here now, the indices a run from to 7. As a consistency check we have derived the same 
action by performing a T-duality transformation in the action describing multiple Type IIA 
fundamental strings, in the static gauge, constructed in ||, this time along the spatial world 
volume direction of the strings (see Figure 1). We recover ( |4.2j ) up to a sign difference for the 
R-R fields. Note, however, that this sign difference is not physical. T-duality transformations 
in two distinct directions only commute up to a sign in the right moving R-sector |34| (Ti • T2 = 
(—) Fr T2 ■ T\), which changes the sign of all the R-R fields. However, (—) Fr is a symmetry 
of the theory, and this makes this sign difference unphysical. 



In analogy with the linear action (3.1), we can argue that the action Q4.2[ ) describes multiple 
light-cone fundamental strings in a weakly coupled Type IIB background. Our main interest 
here, however, lays in the wave interpretation of the action ( [4.2[ ), so that we take, instead, 
the static gauge fllT^I). 

In this gauge we obtain a one-dimensional action with two isometries: one corresponding 
to translations along the direction of propagation X 9 of the waves and the other to trans- 
lations along the transversal direction Z, in which the T-duality has been performed. The 
Matrix theory calculation seems then to be describing Type IIB waves in terms of a non- 



Abelian extension of the action (2.20), as we will further check. In this action the direction 
of propagation of the waves appears as an isometric direction, but there is as well an extra 
isometry in the Z direction. We are therefore dealing with multiple gravitational waves which 
are delocalised in the Z direction. As we discussed in section 2, the isometry in Z is however 
not physical, but just an artifact of the T-duality transformation. Indeed, for the Abelian 
case we showed how it is possible to restore the Z-dependence in the action. However, the 
corresponding Legendre transformation in the non- Abelian case yields still an action in which 
X 9 and Z appear as special directions (see the discussion at the end of the previous section). 
We are thus constrained to work, in the non- Abelian case, with an action with two isometries, 
and assume the presence of the extra, unphysical isometry. 

As we did in the previous section, we can rewrite the Matrix theory action fl4.2j ) in a 
manifestly covariant way as a gauged sigma model. Introducing Killing vectors associated 
to the two isometries k^ = 6% and P = 6 Z and gauge covariant derivatives, we can achieve 
invariance under local isometric transformations generated by k^ and V". 



(4.3) 
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with the gauge covariant derivatives defined as in ( |2.22| ): 

VX» = DX» - l Hk p DXe)-(k-W P DXP) ^ _ k\l p DX?) - (k • l)(k p DXP) 

k 2 l 2 — (k ■ I) 2 k 2 l 2 — (k ■ I) 2 

now in terms of [/(iV)-covariant derivatives DX^. In the linear approximation, DX^ = DX^ 
for /j, 7^ x, z, whereas VX 9 = —h ax DX a and V>Z = —h az DX a . Therefore, at the linearised 
level, T>X 9 and T>Z do not contribute to the pull-backs. 

Filling in the expressions for the R-R currents as given in Appendix A, we can then write 
the Chern-Simons part of Q4.2|), in the static gauge, in a manifestly covariant way, as: 



S W B = J dr STr{-P[i k h] -ig B p[A,(J\P[Uh] - ig s 2 P[i M kh} A F 

+ig s [3 2 P[i [AiX] i l h]AF + g 8 0P[Ui k B] A F - i(3P[i [AyX] B] + i{3 2 P[{i x i x )B] A F 
-g s pP[ki k C^]AF -i/?P[W]C (2) ] +ip 2 P[(i X i X )C^]AF -m P [(i x i x ) kC W} 
+P 2 P[i [A ,x]^,x]hC^} - (3 2 [A,uj]P[(i x i x )i k C^] - (3 3 P[i [AX] (i x i x )i k C^] A F 
-P 3 P[^,x](^x)ikC^} A F + f P[i [A , x] (i x i x )M fc C( 6 )] - g-P[(i x i x ) 2 i^C {6) ] A F 
-£p[i [u ,, x] (ixix)iiikB] + ^P[(i x -ix) 2 Um A F — ^P[(i x i x )\ lk M^] 
+ ^P[i [A , x] (ixix)i[.,x]M fe iV (7) ] - ^[AMP[i}x^x)\hN^] 

+^P[^xix)\,xmN^] A F - ^P[(i x i x ) 2 i [AX] Ui k N^] A F (4.5) 
+SPl\A,x](ixix) 2 UhAr {8) ] - ^P[(ixixfhh^ 8) ] A F 



P[i^ x] (i x i x ) 2 ki k N^} - gp[(ixix) 3 MfeiV (8) ] AF + ^4/';(i. v ivi :, i/U-.V ' h ;}. 



Like the action for Type IIA waves, this action gives the Chern-Simons couplings of a sys- 
tem of coincident Type IIB waves for weakly coupled background fields, due to the linear 
approximation of the Matrix theory calculation. 

Here F = dA and F = dto, where we have redefined the coordinate Z, which now plays 



the role of a world- volume scalar [ 24 ] , as 

Z = g s u. (4.6) 

This rescaling will be useful when we study the behaviour of the action under S-duality. The 
commutator inclusion terms are defined as 

(i[A,x] s )fti...Mp = i A , X 1 ]^!...^ (i[£j,x] s )/ii...Mp = [u^-X^E^...^, (4.7) 

and i;ifcE denotes double contractions: 

(k i k^)m...n P = l X k p ^ p x pl ... Pp = ^xz^.-np- (4.8) 
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Background fields contracted in this manner are such that both the X 9 and Z contributions 
vanish when taking the pull-backs to the world volume . 

Note that, as in the Type IIA case, the monopole term P[ikh] in the Chern-Simons action 
above is the origin of the momentum carried by the waves in the propagation direction X 9 . 

The action for multiple Type IIB gravitational waves that we have thus derived seems 
particularly involved, compared to the dielectric action of other p-branes. This is because we 
are dealing with an action that has two compact isometry directions, which give the spacetime 
we consider a non-trivial topology. The two compact directions allow p-branes to wind around 
them, giving rise to the different inclusion terms that characterise the action (fl.5|). 

Note that there are two different gravitational 7- forms that couple in the action Q4.5D , 
iV( 7 ) and M 7 \ which emerge through the T-duality rules ((O]) . These fields can couple in the 
Chern-Simons action (4.5) only because there exist two isometric directions. is electric- 
magnetic dual to the Killing vector k^, considered as a 1-form, and AA 7 ) to l^. Therefore, they 
are associated to KK-monopoles with Taub-NUT directions pointing along the two different 
Killing vectors. Similarly, and AA 8 ) are Poincare duals to the scalars k 2 and I 2 (see 

Appendix B). 

We will now give some arguments that support the interpretation of the action ( t4.5|) as 
the non-Abelian Chern-Simons action for multiple Type IIB gravitational waves. First we 



will show the S-duality invariance, not only of ( |4.5| ), but of the full action (|4.2| ), in agreement 
with the predictions of the Type IIB supersymmetry algebra. Secondly we will show that, in 
analogy with the Type IIA case, we obtain in the weak coupling limit, the linearised Abelian 
action for a massless particle. 



4.2 S-duality invariance 

In this section we check that the action that we have proposed for multiple gravitational 
waves in linearised Type IIB backgrounds is manifestly S-duality invariant. This is a non- 
trivial check for our action, given that the S-selfduality of the (single) Type IIB gravitational 
wave is predicted by the analysis of the spacetime supersymmetry algebra of the theory p5| . 
The fact that the invariance also holds for the non-Abelian case is remarkable and an argument 
in favour of our interpretation. 

To linear order, the S-duality rules for the metric, the dilaton and the R-R scalar are given 

by 

V-^V-W. <-(o)^_c< ), (4.9) 

while the 2-form, 6-form and 8-form fields combine in S-duality doublets 

(4.10) 

C( 2 )->B, CW^B, Ar(8)^^(8)_ 

These transformation rules for and Af^ can easily be derived taking into account the 
origin of these fields from eleven dimensions, where S-duality is realised as a modular transfor- 
mation in the 2-torus. Indeed, we easily see from Figure || in Appendix B, that both fields have 
their M-theory origin in the field that couples minimally to the Kaluza-Klein monopole, and 
that one gets one or the other by simply interchanging the eleventh and T-duality directions, 
which is well known to generate S-duality in the Type IIB theory p5| . 

iV"( 7 ), A^ 7 ) and A^ 9 ) are on the other hand sing lets. This is clear for N^, A^ 7 ), since they 
couple to Type IIB Kaluza-Klein monopoles with different Taub-NUT directions, and these 
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are known to be S-duality invariant [35]. One can check it explicitly by looking at the gauge 
transformation rules of these fields, computed in 24]. That this is also the case for was 



shown in [ 33 1 



Let us now study the S-duality transformation rules of the world volume fields. The two 
world volume fields A and uj form a doublet under S-duality, as we can deduce by looking 
at the invariant field strengths they form with the pull-backs of the background fields. T- 
dualising the invariant field strength ( 3.1 7| ) , that couples in the world volume of the Type II A 



waves, we derive the following invariant field strength for the world volume scalar A: 

T = OA- -P[UC^}. (4.11) 

9s 

The invariant field strength for uj was in turn derived in section 2, for the Abelian case. 
Expression ( p. 24 ) becomes g s duj + (iiB)fDX^. Therefore in our Matrix theory notation we 



have: 

F = duj + — P[kB}. (4.12) 

9s 

We thus see that A and uj are associated to D-strings and F-strings respectively, wound around 
the Z direction, ending on the waves. Given that B and transform as a doublet under 
S-duality (see ( [4. 10|) ) , uj and A must transform as: 

uj -> A, A —* —uj. (4.13) 

With this behaviour of the background and world volume fields under S-duality, it is 
straightforward to check that the Chern-Simons action ( [4.5D is indeed invariant under S- 
duality. 

As to the Born-Infeld part of the action ([4.2;), it is shown in Appendix A that, at least up to 
order /3 2 , the matrix currents (Iff , Iff) and (Ig 9 ,Ig Z ) form doublets under the transformations 
(glf ), and that l\ z picks up a minus sign, while iff and Iff get mapped into each other. All 



other currents are left invariant. 

It is not difficult to see that the Born-Infeld action, at least up to order /3 2 , is then S-duality 
invariant. 

4.3 The Abelian limit 

As in the previous section, we can support our claim that the current Matrix theory calculation 
describes Type IIB gravitational waves by taking the weak coupling limit and checking that 
the action Q4.2j ) reduces to the linearised effective action for a set of commuting Type IIB 
gravitational waves. As we already discussed, Matrix theory describes Type IIB waves in 
terms of a non- Abelian extension of the action ( |2.20| ), so we should compare, in the weak 
coupling limit, with the linear expansion of this action, given by expression ( 2.29| ). 



Again, in the limit g s — > 0, the Born-Infeld vector and all but the NS-NS fields decouple, 
and we are forced into a space of commuting matrices. The expressions for the relevant 
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currents can be found in Appendix A. In this limit they are given, up to order /3 2 , by 
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(4.14) 



with all other currents equal to zero. The action ([4.2|) then reduces to 



-•linear 



~m j ~ h ° x + \ hxx 



t + p 



(hoi — hi X )X l — (Bq z + B ZX )Z 



1 o2 



HP 



h^X'X' + 1(^0 - h xx ){X 2 + Z 2 ) - h zz Z 2 - 2B lz X l z\ + 0(/3 3 )}, (4.15) 



where A 2 = rnjX' l XK Therefore we reproduce, up to rescalings, the linearised effective action 
( 2.29j ) for commuting gravitational waves derived in section 2. 

If we take the Abelian limit without sending the string coupling constant to zero, we 
recover the action ( 2.20| ) supplemented with non-perturbative corrections associated to D- 
brane degrees of freedom. These corrections are indeed necessary in order to achieve invariance 



of ( |2.20[) under S-duality, as predicted by the Type IIB supersymmetry algebra. From the 
linearised Matrix theory calculation we find the non-perturbative corrections: 



ocorr 



^ j dr^-kikC^ A F - PfoCW] AF + pC^FZ (4.16) 



+9sP 



4>F 2 + ^(h 00 -h xx -2h zz )F 2 }y 



Note that the two terms in are precisely the S-duals of the B terms in ( |4.15 ). Indeed it 
is easy to check that the sum of ( 4.15| ) and ( [4.16 ) is S-duality invariant. 

We can derive this S-duality invariant action as the linear expansion of the following non- 
perturbative modification of ( 2.20| ): 



-rriT J dr || 



\k 2 l 2 -{k.l) 2 + {\ k nBf\-^ 2 . 



4(D _ ax* 4- ikUBAF-wCWAF 
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Here F r MF is the SL(2, M)-invariant combination: 



F T MF 



T T ) 



e -2^ + C <(0)2 q{0) 
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(4.17) 



(4.18) 
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with 



F = dZ + P[UB], T = dA - P[kC {2) ] 



(4.19) 



the gauge invariant curvatures of the world volume scalars Z and A. Note that T is the field 
strength that coupled in the perturbative action ( 2.2CQ (see ( 2.24] ) ) , and that T is its S-dual, 
which has to couple as well in the non-perturbative action in order to achieve invariance under 
S-dualityQ- The SL(2, M)-invariant combination (fO]| appears as well in the world volume 
effective action of the Type IIB Kaluza-Klein monopole f24j| , a brane which is also known to 
behave as a singlet under S-duality. 

This extension of ( [4.17]) is, however, not fully S-duality invariant, since we have not in- 
cluded the S-dual of the (ikUB) 2 term. Since this term does not contribute to the linearised 
action, we cannot determine the correct S-duality invariant combination associated to it by 
comparing with the Matrix theory calculation. By T-dualising the full S-duality invariant 
action we would be able to derive as well the non-perturbative couplings in the action of 
Abelian Type IIA waves, whose linear expansion we determined using Matrix theory. 



5 Dielectric wave solutions 



In this section we present some explicit solutions of gravitational waves expanding into di- 
electric branes, rising from the non-Abelian couplings derived in the previous sections. 

We have seen in sections 3 and 4 that the Matrix theory calculation captures, already to 
linear order, the non-perturbative degrees of freedom associated to D-brane states. These 
new degrees of freedom translate into correction terms, ( 3.21 ) and ( 4.16| ), to the perturbative, 
Abelian actions (2.11) and ( 2.20| ). In the non-Abelian case we find as well non-perturbative 
terms corresponding to the contraction of the background fields with the embedding scalars, 
yielding multipole couplings of the same type as those derived in [Q, for the action of 
coinciding D-branes. These couplings are responsible for the expansion of the waves into 
dielectric configurations, in the presence of external field strengths. 

In [pfl it was shown that the term 



0g 



■P[(ixix)C^] 



in the action (|3.18|) , gives rise to a potential 
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which has a stable solution of the form 



1 Oijk 



X 1 



\g s fJ\ 



(5.1) 



(5.2) 



(5.3) 



where the matrices J 1 form aniVxiV representation of SU{2) Q. 

The interpretation of the Matrix string action as describing multiple Type IIA waves helped 
clarifying this Matrix string dielectric solution (see section 7.3 in The solution in || was 
interpreted in terms of N fundamental strings expanding into a fuzzy D2-brane, with world 

10 The relative l/g s factor between ( |4. 1£| ) and the field strengths given in fl4.1l| ) and fl4.12| ) is due to the 
rescalings of the Matrix theory calculation, that take dA — > g s dA (see Appendix A). 
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volume t times a 2-sphere in the (i, j, fc)-directions. However, the world volume of the D2- 
brane does not contain the spatial world sheet direction X 9 of the string, nor can the dipole 
coupling (ixix)C^ in the Chern-Simons action appear as a pull-back to a two-dimensional 
world volume, as required in the expanding strings interpretation. Schiappa pointed out that 
the expanding fundamental strings were actually describing gravitons, though no explicit 
check of this assessment was given. 

With our interpretation of Matrix string theory as describing multiple gravitational waves 
we can see explicitly that this solution does indeed correspond to multiple gravitons expanded 
into a D2-brane, which is in fact transverse to their direction of propag atior£] ( see also ||). 
Moreover, within this interpretation ([O]) can naturally be written as a pull-back to the 
one-dimensional world line of the waves. 



Other terms in the action (3.18) describe multipole couplings of the waves to NS5-branes 
and KK-monopoles, although, to our knowledge, no stable dielectric solutions associated to 
these terms are known. 

Similarly, in the Type IIB action ( |4.5| ) the dielectric coupling 

^-P[(i x i x )i lC ^] (5.4) 
gives rise to a stable non-Abelian solution of the form 

^% k = fe ljk , X^-^gjr, (5.5) 

which we interpret as N Type IIB gravitational waves expanding into a D3-brane transverse 
to the propagation direction X 9 of the waves, and wrapped around the Z direction. The rest 
of dielectric couplings in the action ( |4.5| ) describe multipole couplings to KK-monopoles and 
exotic branes. 

These gravitational wave configurations represent a microscopical description of the dual 
giant gravitons of [|l4|, [l5| , where we have however ignored the back reaction of the geometryPI 

If we take into account the non-Abelian character of the actions for multiple fundamental 
strings and multiple waves that we have presented here and in our previous paper H, it is 
remarkable how well the duality relations hold, both for the actions as for their solutions. 
Dielectric solutions describing fundamental strings expanding into D3 and D4-branes have 
been given in ||. These solutions are T-dual to the solutions that we have just discussed for 
dielectric gravitational waves, just as one may expect by naively applying the duality relations 
shown in Figure |2|. Also, S-duality acting on the Type IIB solutions gives the expected answer, 
as can be seen in this Figure: the F1-D3 configuration is S-dual to the well known D1-D3 
solution, and the gravitational wave expanding into a D3-brane is clearly S-duality invariant. 

There exists as well another type of polarisation effect, referred to as the magnetic moment 
effect |ll| , where p-branes with a non-zero velocity polarise under the influence of an external 
magnetic field (as opposed to an electric field, for the dielectric effect). In this reference it was 
shown that a set of N DO-branes in an external magnetic flux tube, with a non-zero velocity 
along the flux tube, can be described by a Lagrangian 

L = STr{lX 2 + ^[X,Xf + ±X l X*X*X*F$y\, (5.6) 



11 Recall that the pull-backs are defined in terms of covariant derivatives (3.5). 

12 Recall that one has to go beyond the linear approximation presented in this paper in order to describe 
properly giant gravitons in an AdS m x S n space. 
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D1-D3 



W A -D2 



Fl -D4 ( - 

A (z) 



9-1 1 , — ' 




F1 B -D3 



W -D3 s 



Figure 2: Duality relations between solutions corresponding to dielectric fundamental strings and gravita- 
tional waves in the Type IIA and Type IIB theories. In our notation Wa — D2 represents multiple Type 
IIA waves expanded into a D2-brane. As in Figure [jj Tg denotes a T-duality transformation in the propaga- 
tion direction X 9 of the waves, or world sheet spatial direction of the strings, while T z indicates a T-duality 
transformation in a direction orthogonal to the waves and the strings. Also shown is the S-duality between 
the D1-D3 solution and the F1-D3 solution in Type IIB, the S-duality invariance of Type IIB gravitational 
waves expanding into a D3-brane and the 9-11 flip that maps the D1-D3 solution into expanding Type IIA 
gravitational waves. The lower indices between brackets indicate the isometry directions of the corresponding 
world volume theory. 



where X indicates differentiation with respect to the world line coordinate r. This Lagrangian 
admits a solution of the form 

F i$ll = ftW, X a = {g s fvT, X 4 = vrt, (5.7) 

where the coordinates i are split as i = (a, 4), X 4 is the direction on which the DO-branes 
move, and, as in (|5.3|), the matrices J a form an N x N representation of SU{2). This 
solution describes DO-branes expanding into a D2-brane orthogonal to the direction X 4 in 
which the DO-branes move. The radius of the D2-brane turns out to be independent of N, 
but proportional to the momentum of the DO-branes, at least for N 3> 1. This solution was 
compared to a spherical D2-brane (with the 2-sphere in the (a, b, c)-directions) embedded in a 
magnetic R-R flux tube and moving in the X 4 direction, and it was found that both the radius 
and the energy of the D2-brane coincide with those provided by the microscopical picture, in 
terms of expanding DO-branes. As also discussed in [jOl], the eleven-dimensional interpretation 
of (|5.7| ) should be in terms of gravitons, moving both along the eleventh direction and along 
X 4 , polarising into a spherical M2-brane. Therefore, this solution provides a microscopical 
description of a particular eleven-dimensional giant graviton configuration. 



Following the construction of [13] it is not difficult to see that the dielectric coupling fl5.1|) 
for multiple Type IIA gravitational waves gives rise to the same Lagrangian fl5.6| ), now with 
gauge covariant pull-backs into the world line. A solution identical to ( |5.7|) will therefore 
also describe ten-dimensional gravitational waves moving in the X 9 and in the X 4 directions, 
expanding into a D2-brane transverse to the X 9 direction. This is just the dimensionally 
reduced version of the eleven-dimensional picture of ||13|| , as we will further discuss in the 
conclusions. 

Reference |l3| considered as well a solution corresponding to eleven-dimensional gravitons 
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propagating only in the X 9 direction. The corresponding Lagrangian is similar to (|5.6|), but 
with a magnetic field strength with F^g components. Reduction over X 9 yields a system of 
DO-branes in a magnetic NS-NS field Hy^, where the coupling arises from the Born-Infeld, 
rather than from the Chern-Simons action (see 0). It would be interesting to construct the 
analogous version of this solution in terms of Type IIA gravitational waves in a F^ g flux 
tube. However, due to the fact that in our approach the propagation direction X 9 of the 
waves is isometric, it is not clear how to obtain from the action ([O]) a coupling of the form 

STr{X 9 X k X^X i F t %}, (5.8) 

a difficulty that should be related to the problem, that we have already discussed, of restoring 
the dependence in the isometric direction in the non-Abelian case. 



6 Conclusions 

We have provided some evidence that Matrix string theory describes, in the static gauge, 
coincident Type IIA gravitational waves. We have given some weight to this identification 
by showing that Matrix string theory in static gauge and in a weakly coupled background 
reproduces in the g s — * limit, the linearised action describing Abelian Type IIA gravitational 
waves in a weakly coupled background, and by showing agreement with previous results 



derived from string dualities [19|. 



The action thus proposed contains the linear couplings of non-Abelian gravitons to closed 
string fields. These terms include non-Abelian, Myers-like couplings that are responsible 
for the expansion of the gravitons into higher-dimensional branes. We have studied some 
particular configurations, corresponding to multiple gravitational waves expanding into a 
spherical D2-brane, in the presence of an external electric flux tube, and in a spherical D2- 
brane with non-zero transverse velocity, in the presence of an external magnetic flux tube. 
We related these solutions to similar configurations in eleven dimensions [jlj ]. 

Perhaps the most interesting dielectric effect associated to gravitational waves is the one 
giving rise to the giant graviton configurations in AdS m x S n backgrounds. We would need 
however to go beyond the linear order approximation of this paper in order to provide a 
microscopical description of these configurations, given that a linear perturbation of a flat 
background is not an adequate framework in which to describe the AdS background. It 
should however be possible to study giant graviton configurations in the Penrose limit, given 
that the pp-wave background can be approximated by a linear perturbation to Minkowski^, 
or in more general backgrounds, like those presented in fb^, 16, [Tfl] . 



We have also provided a Matrix theory description for non-Abelian gravitons in the Type 
IIB theory. The key ingredient is the T-duality connection between Type II waves, that we 
have applied to the Matrix string theory action in static gauge in a weakly coupled back- 
ground. The action thus obtained reproduces in the g s — > limit a particular linearised 
action describing Abelian Type IIB gravitational waves. A non-trivial check of this action is 
its S-duality invariance, a property that had been predicted by the analysis of the Type IIB 



spacetime supersymmetry algebra [35|. We have also given a non-Abelian solution of Type 



IIB gravitons expanding into a dielectric D3-brane. 

13 An analysis of eleven-dimensional gravitational waves with dielectric couplings in a pp-wave background, 
arising as the Penrose limit of AdS a x S 7 and AdSV x S" 4 , has been given in 
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Finally, we should stress an important point about the actions for gravitational waves that 
we have derived. If we start with the Matrix theory action describing Type IIA waves and 
perform a T-duality transformation along the direction of propagation of the waves, we arrive 
at a Matrix theory formulation of Type IIB fundamental strings in the static gauge |§, to 
which we have already referred in this article. As shown in |J, this action is actually S-dual 
to the world volume effective action describing multiple D-strings, a fact that suggests that 
this Matrix description of Type IIB F-strings, and therefore the one here proposed to describe 
Type IIA waves, are perhaps only suitable to describe the corresponding branes in the strong 
coupling regime. 

Moreover, the Matrix theory description of Type IIA waves is in terms of the non-Abelian 
extension of a particular description for a ten-dimensional massless particle, in terms of an 
action in which the direction of propagation of the particle plays a special role (it is isomet- 
ric). This action is related to the usual description of the ten-dimensional massless particle 
by means of a Legendre (<-> world volume duality) transformation. Now, world volume du- 
ality transformations typically map the weak and the strong coupling regimes of a theory. 
Therefore, it is possible that the dielectric configurations that we have studied in section 5 are 
suitably described by the Myers-like couplings that we have computed in this paper only in 
the strong coupling regime. Still, dielectric configurations of this type are expected to occur 
as well in the weak coupling regime, at least those preserving some fraction of the supersym- 
metries, though perhaps they are described microscopically in terms of different variables. It 
would be quite interesting to further study whether this is really the case. 

One remarkable aspect of our description of non-Abelian Type IIA waves is that it can 
be used to describe non-Abelian gravitons in M-theory. Indeed, since it adequately describes 
Type IIA gravitons in the strong coupling regime, we can describe eleven-dimensional gravi- 
tons by just rewriting ten-dimensional fields in terms of eleven-dimensional ones. The coupling 
(P): 

-l-P[(i x i x )C^% (6.1) 

that we used to construct the dielectric solution associated to Type IIA waves expanded 
into a D2-brane, does actually agree with the dipole coupling for eleven-dimensional waves 
predicted in [19|. This solution is in fact the dimensional reduction of N eleven-dimensional 
gravitational waves polarised into a spherical M2-brane, with the 2-sphere in the &)-space, 
where the reduction has to be performed in a direction orthogonal to both the direction of 
propagation and X 1 , A7 and X k . N M-theory gravitons expanded in a spherical M2-brane 
have been considered in p8| , in the pp-wave background. The off-diagonal terms in the pp- 
wave metric give a mass to the embedding scalars in the non-Abelian action, and the solution 
can be made super symmetric by an appropriate choice of the mass. Dielectric solutions with 
non-zero masses were considered first in On the other hand, a reduction of the eleven- 
dimensional solution along the propagation direction X 9 of the waves yields the well-known 
solution associated to N DO-branes expanding into a dielectric D2-brane, already studied by 
Myers in 0. In fact, a nice check of the eleven-dimensional action for the M-theory gravitons 
would be to reproduce the linearised action for multiple DO-branes || when reducing along 
the direction of propagation of the gravitons. 

It would also prove interesting to derive the action for M-theory gravitons directly in a 
Matrix theory set-up, i.e. using Matrix theory in a weakly coupled background |3(| [3?]]. A 
Matrix theory description of M-theory gravitons in a pp-wave background has recently been 
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given in [ 1~8| , 38, |3^Q- This Matrix model is determined by the supersymmetry algebra of the 
pp-wave background, and consists on the usual Matrix theory of BFSS [41] plus a correcting 
term with a dielectric coupling which is shown to be responsible for the expansion of the 
gravitons into a fuzzy M2-brane. It would be interesting to try to make contact with these 
results within our description. We hope to report progress in this direction in a forthcoming 
publication 
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A Matrix currents 

In this Appendix we include, for completeness, the explicit expressions for the currents that 
couple in the gravitational wave actions that we have constructed. Here we have taken static 
gauge ( |3.3| ) as compared to [||]. This results in the fact that all terms proportional to D a X 
reduce to terms proportional to [A, X]. Note also that our currents differ from the ones in 
|J, due to the fact that we use dimensionless world sheet coordinates 

<? = -7=7 X ' T = — t, (A.l) 



and have performed the rescalings X % — ► \fa!X % and g s — ► g s /(2ir). This results in practise 
in a rescaling of the currents, with respect to Q, by a factor of (3 = R/y/a' for each term 
of the form X, [X, X], [A, X] and A, and a factor of g s and l/g s for each A and [X, X] 
respectively. 



14 See [|40| for a formulation of Matrix string theory in a pp-wave background. 
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A.l R-R currents 

With i, j = 1, . . . ,8, and up to order /3 2 , we have, for the Type IIA waves: 
J o — ■"•) 

4 = M\ 

4 = 9sf3A, 

I° 2 9i = -%[A,X% 

J 2 k = -£ (x' L [Xi, X k ] + X J '[X fc , X*] + X k [X\ X j ]^j , 

jWj = U[X\X j ] - X l [A, X j ) + X j [A, X*]) , 

f^ kl = -J^(lX\Xj}[X k ,X l } + [X\X k }{X l ,Xi} + lX\X l ][Xi,X k }) , 

jWijk = -£-(lA,X t }[X j ,X k } + [A,X j ][X k ,X i } + [A,X k }[X i ,X j f) , 

jijkim = _^x[i\ X i,X k ][X\X m \ (A.2) 

7 9ijfc/ = _g ^A[X^,X j ][X k ,X^] - AX^[X j ,X k ][A,X 1 ^ , 

7 0iifeimn = l^[ X {\Xi}[X k ,X l }[X m ,X% 

jmijklm = iP\ Ai x^)[Xi,X k ][X l ,X m \ 

9 s 

rfklmnp = Ii^X^[X\X k ][X l ,X m }[X n ,X P \ 

9 s 

^ijkimn = U[X^,X^][X k ,X l ][X m ,X n] ] - 6X^[X j ,X k ][X l ,X m ][A,X n ^ . 

To obtain the currents that couple in the linear action (^]^) for Type IIB gravitational waves, 
one of the transverse coordinates, say X 8 , must be taken to be Z = g s u. 



A.2 NS-NS currents 

The NS-NS currents that couple in the action for Type IIA gravitational waves can simply 
be obtained from the Matrix string currents in || going to static gauge. The corresponding 
NS-NS currents for Type IIB gravitational waves have however singled out the Z direction, 
and we will include their explicit expressions for the sake of clarity. They are given, up to 
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order f3 2 , by: 

u ■ 



oo 



rOi 
7-O2 



7-09 



jiz 
1 h 



7-/9 

1 h 



7-99 



29 



0/ 



1 
r09 



T'J 



TZl 

1 s 

j-9i 

s 

7-92 

-*■ e 



1-Cx 2 



i[x,xf 



9 2 a P 2 



t + ^x 2 



49. 



^ + F 2 )-£-{[A 1 X? + {u,X] 2 )-£f 

l^x] 2 )-£f 



2 

iL [X ,X} 2 + 9 -if(F 2 + F 2 ) - ^{[A,X 



[A,u] 2 , 
[AM\ 



^[X\X k ][X*,Xi]+ (3 2 [A,X*][A,X>]+ p 2 [u,X*}[u;,Xi}, 

its 



px\ 

9spF, 
9sPF, 
f3 2 X i X j 

gs( 3 2 X l F + ^[X\ X*] [u, Xi] + g s (3 2 [A, X 1 ] [A, u] 

g s p 2 X l F + ^[X\ X*] [A, Xi] - g s (3 2 [u, X*} [A, u] 

g 2 s P 2 F 2 + p 2 [^X] 2 +g 2 J 2 [AM\ 
g 2 p 2 F 2 + p 2 [A,X} 2 +g 2 (3 2 [AM 2 , 
g 2 s J3 2 FF + [3 2 [u,Xi][A,x3], 



(A.3) 



.Mt[X\Xi]Xi + - 



-if-X i [A,X i 
l il",x% 



%[A,X% 

mAM, 



IA,X % }F+ 1 -^[uj,X 1 }F, 
l ^F[A,u;}, 



-F[A,u>] 



where Z = g s io, F = dA, F = du>, and 



[X,X] 2 = [X\X j ][X\X j l 



[A,X] 2 



[A,X i ][A,X i 



(A.4) 
(A.5) 
(A.6) 



It is straightforward to check that i^, I% b , Ig b and I 92 are singlets under the S-duality trans- 
formations (|4.13| ), while (I^ 9 ,I^ Z ) and (I" 9 , 1" 2 ) transform as doublets. Iff changes sign, and 
J 99 and I¥ z get mapped into each other. As shown in subsection 4.2 , these currents combine 
in the linear action (4.2) with the background fields in such a way that the action is invariant 
under S-duality transformations. 
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B Gravitational background fields and duality 



In this Appendix we summarise the duality properties of the gravitational fields that arise 
in the different duality transformations that have been carried out in the paper, and briefly 
summarise previous results in the literature concerning the role they play as sources for 



gravitational branes in Type II. We refer the reader to [33] for a more extensive study. 

Tables | and § summarise the Type II gravitational branes that are charged w.r.t. these 
fields. Some of these branes are exotic branes, in the sense that they are not predicted by 
the standard Type II spacetime supersymmetry algebras (see however []32]]). Exotic branes 
have been encountered in the literature in different contexts. On the one hand their existence 
is required in order to fill up multiplets of BPS states in representations of the U-duality 
groups JSr(Z), E s (Z) of M-theory on T 7 , T 8 tori @, g II |J H- On the other hand 
they are predicted by dualities on branes that do occur as central charges in the spacetime 



supersymmetry algebras [33]. 

We have summarised in Figure || the duality relations between the different exotic branes, 
as well as between exotic and ordinary^ branes, and we have also included their M-theory 
origins. The duality relations among the background fields that couple minimally to these 
branes are also indicated in this figure. These connections are of particular relevance for the 
calculations that we have carried out in the paper. 



Background field 


Brane 


B 


NS5 




KK-monopole 




(6,1 2 ;3) 




(7, 1 3 ;3) 



Table 1: Higher form NS-NS and gravitational background fields of the Type II A superstring 

In Table @, we summarise the higher form NS-NS and gravitational background fields of the 
Type IIA superstring, and the branes, some of them exotic, to which they couple minimally. 



Our notation for the exotic branes is that of [3C[. The first entry gives the number of ordinary 



spatial world volume directions, the entries of the form m n indicate that there are m spatial 
directions which are gauged in the effective action and whose radii have nth power. Finally 
the last entry gives the power of the inverse of the string coupling constant. In this notation 
the KK-monopole is, for instance, denoted as (5, l 2 ; 2). couples in the world volume of 

the KK-monopole contracted with the Killing vector k^, associated to its, isometric, Taub- 
NUT direction. Similarly, and couple to exotic branes, contracted with the Killing 
vector associated to the isometry of the brane. is Poincare dual to the Killing vector 

considered as a 1-form, kft || , A^ (8) to its modulus and to the mass of the massive Type 



IIA supergravity that is obtained by reducing the massive eleven-dimensional supergravity of 



[22] along a direction different from the Killing direction [33]. 

In Table ^ we summarise some of the higher form NS-NS and gravitational background 
fields of the Type IIB superstring and the branes, some of them exotic, to which they couple 
minimally. The (5, 2 2 ; 3)-brane is related by T-duality to the Type IIA (6, l 2 ;3)-brane, with 
the T-duality taking place along a world volume direction of the IIA brane, direction which 

"Predicted by the SUSY algebras. 
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Background field 


Brane 


B 


NS5 




KK-monopole 




(5,2 2 ;3) 




(5,2 2 ;2) 




(6,1 2 ,1 3 ;3) 



Table 2: Higher form NS-NS and gravitational background fields of the Type IIB superstring. 



becomes isometric in the dual brane. The Type IIB (5, 2 2 ; 2)-brane on the other hand is related 
by T-duality to the Type IIA Kaluza-Klein monopole, with T-duality taking place along a 
transverse direction to the monopole. This direction becomes also isometric in the dual brane. 
Finally, the Type IIB (6, l 2 , l 3 ; 3)-brane is related via T-duality along a transverse direction 
to the (7, l 3 ; 3)-brane of Type IIA, with the duality direction becoming again isometric. In all 
these cases the , and fields couple to the world volume of the branes contracted 
with the two Killing vectors k^ and I 1 *, associated to the two isometries of the brane. iV® and 
are Poincare duals to the two scalars k 2 , I 2 . The field iV^ 9 ) is dual to a mass parameter, 
which should be the one of the nine-dimensional Type II massive supergravity with a Killing 
isometry to which this 7-brane gives mass (see [33]). 
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Figure 3: In these figures we show the relations under T-duality between the different gravitational branes 
and fields that we have encountered. We also include the M-theory origin of the Type IIA branes. With respect 
to the Type IIA branes, we indicate a T-duality along a world volume direction by a solid line, a T-duality 
along a Killing direction with a dashed line, and a T-duality along a transverse direction with a dotted line. 
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